ON THE RELATIONSHIP OF GERBES TO THE ODD FAMILIES INDEX 

THEOREM 

ALAN L. CAREY AND BAI-LING WANG 

Abstract. The goal of this paper is to apply the universal gerbe of ICJVlill and ICMi2l to 
give an alternative, simple and more unified view of the relationship between index theory 
and gerbes. We discuss determinant bundle gerbes ICMMill and the index gerbe of |C] for 
the case of families of Dirac operators on odd dimensional closed manifolds. The method 
also works for a family of Dirac operators on odd dimensional manifolds with boundary, for 
a pair of Melrose-Piazza's Ci(l)-spectral sections for a family of Dirac operators on even 
dimensional closed manifolds with vanishing index in i^-theory and, in a simple case, for 
manifolds with corners. The common feature of these bundle gerbes is that there exists a 
canonical bundle gerbe connection whose curving is given by the degree 2 part of the even 
eta-form (up to a locally defined exact form) arising from the local family index theorem. 
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1. Introduction 

To the authors' knowledge the subject started with an unpublished manuscript of Graeme 
Segal |Seg| who described a substitute, for famihes of Dirac operators on odd dimensional 
manifolds, for Quillen's determinant line bundle. Subsequently in |CMul| Segal's construction 
was recognised as defining a bundle gerbe in the sense of Murray |Mur| . Murray's bundle 
gerbes are differential geometric objects which offer an alternatiye to Brylinski's description 
|Bry| of Giraud's gerbes. In |GMMil) an explicit formula for the Dixmier-Douady class of 
the 'determinant bundle gerbe' of |GMul| was deriyed from the odd local index theorem for 
particular families of Dirac operators. We became aware of the existence of a more general 
point of yiew in discussions with Mathai on his work with Melrose jMaM| . This theory was 
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realised in ^ , where Lott gave a construction of the higher degree analogs of the determinant 
line bundle: the 'indexgerbe' and defined connective structures on them, for the case of a family 
of Dirac operators on odd-dimensional closed spin manifolds. He also recognised the role of eta 
forms. 

The so-called universal gerbe was introduced in |CMil| [r)Mi2| where Carey and Mickels- 
son analysed the obstruction to obtaining a second quantization for a smooth family of Dirac 
operators on an odd dimensional spin manifold with boundary. Explicit computations of the 
Dixmier-Douady class for the universal gerbe were also given. With hindsight jLj may be seen 
as an example of the universal gerbe for the case of families of Dirac operators. The index gerbe 
is studied from a slightly different point of view by by Bunkc in Bui . 

In this paper we use the universal gerbe to simplify the discussion of L and to provide a way 
to extend [Q . We also show that the universal gerbe can be used to construct other examples of 
geometrically interesting gerbes such as that for a family of Dirac operators on odd dimensional 
manifolds with boundary and for a pair of Melrose-Piazza CZ(l)-spectral sections for a family of 
Dirac operators on even dimensional closed manifolds with vanishing index in /C-theory. These 
latter gerbes exhaust all bundle gerbes corresponding to the Dixmier-Douady classes in the 
image of the Chern character map on the if ^-group of the underlying manifold. In all these 
examples of gerbes, there exists a canonical bundle gerbe connection whose curving, up to an 
exact 2-form, is given by the degree 2 part of the even eta-form arising from the local family 
index theorem. This enables us to propose an approach to family index theory manifolds with 
corners by using the bundle gerbe whose curving is given by the degree 2 part of the eta-form. 

For a single manifold with corners, Fredholm perturbations of Dirac type operators and 
their index are thoroughly studied by Loya and Melrose in [LM| . A more general and ambitious 
approach to these latter questions is contained in |Bu2| which motivated us to develop the point 
of view of this paper. 

As this paper is largely about gaining a unifying perspective we need to review earlier 
work. Section 2 summarises what is needed from the theory of bundle gerbes. Section 3 de- 
scribes briefly the family index theorems developed by Bismut |Bis2) . Bismut-Freed [BF] . Bismut- 
Cheeger |BC2| and Melrose-Piazza |MP1||MP2 . This Section is required to set up notation. In 
Section 4, we recall the construction of the determinant bundle gerbe in jCMMil) and study 
its geometry in Theorem 14.11 In Section 5, we give a complete proof of the existence theorem 
(Theorem |OJ of a canonical bundle gerbe class over a base manifold associated to any element 
in of the base manifold using the universal gerbe. The results in this Section make explicit 
some folklore of the subject. 

In Section 6, we apply the constructions in Section 5 to the index gerbe associated to a family 
of Dirac operators on an odd dimensional manifold with or without boundary. This gives a 
simple construction of the gerbe discussed in L and |Bul| . Two new examples of bundle gerbes 
are obtained, one for a family of Dirac operators on odd dimensional manifolds with boundary, 
and the other for a pair of Melrose-Piazza CZ(l)-spectral sections for a family of Dirac operators 
on even dimensional closed manifolds with vanishing index in iiT-theory. Our main observation 
in this paper is that the universal gerbe suggests an approach to understanding the local family 
index theory (in particular the transgression of eta forms) for manifolds with codimension two 
corners. Our approach, if it can be fully developed, may provide an alternative to the treatment 
of index theory on manifolds with boundary and corners in IBu2l and [BuPj . 
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2. Review of bundle gerbes 

Our reference for this section is jMur| . Take a smooth surjective submersion n : Y ^ M and 
let F^^l be the fiber product associated with tt with the obvious groupoid structure. A bundle 
gerbe Q over M, as defined in |Mur j . consists oi tt : Y ^ M, and a principal [/(l)-bundle Q 
over = Y Xt^Y together with a groupoid multiplication on Q, which is compatible with the 
natural groupoid multiplication on Y^^^. The multiplication is represented by an isomorphism 

(1) m : TT^Q TT^Q TT2G 

of principal C/(l)-bundles over Y^'^^ = Y Xj^ Y Xj^ Y , where tt^, i=l,2, 3, are the three natural 
projections from yl^l to Y^'^^ obtained by omitting the entry in position i for tt^. 

In |MS| it is shown that the natural equivalence relation on bundle gerbes is that of stable 
equivalence. Within each stable equivalence class we may choose a local representative by letting 
{Ua} be a good cover. Then the submersion tt admits a local section Sq over The local 
bundle gerbe can be described by a family of local U (l)-bundles {Gafi} over {Uap — UaC] Ufj}, 
the pull-back of Q via (sq, S/j). In this picture the bundle gerbe multiplication ^ is given by 
an isomorphism 

(2) 4>af3j ■ Gaf3 ® G[3j = Gaj, 

over UaiSj, such that 0a/37 is associative as a groupoid multiplication. A related local picture 
of gerbes was introduced by Hitchen |Hit| . 

A Cech cocycle {faf3-y} can be obtained from the isomorphism |(2J) by choosing a section Sq/j 
of Gap, i.e., 

(t>a0j{Sa0 <8 S/37) = /a/37 ' 

for a [/(l)-valued function fap-y over Uap-y- The equivalence class of {fap-y} doesn't depend on 
the choice of local sections {sap}, and represents the Dixmier-Douady class of the bundle gerbe 
in 

Hl,,^{M,U{l))^H\M,'L), 

where U{1) is the sheaf of continuous ?7(l)-valued functions over M . 

The geometry of bundle gerbes, bundle gerbe connections and their curvings is studied 
in jMur| . On the corresponding local bundle gerbe a bundle gerbe connection is a fam- 
ily of J7(l)-connections {Vq^} on {Gafi} which is compatible with the isomorphism |2Jl, i.e., 

Aap = Vq^Sq/3/sq/3 satisfies 

(3) Aap + A/Sy + Aya = fap-y'^faff-y- 

A curving then is a locally defined 2-form Ba such that, 

(4) Ba~ Bp^dAap, 

over Ua n Up. We remark that in string theory applications this system {Ba]a of local two- 
forms is called the i3-field. We will use this terminology here. The S-field is unique, up to 
locally defined exact 2-forms. If we choose another representative for the _B-field {B^ -f dCa}a, 
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then we need to modify the gerbe connection by adding {Cq — C/j} to {Aq/j}. This has no effect 
on the compatibihty condition (jSJ . This local description of connection and curving for a local 
bundle gerbe defines an element 

[(/o/Sij^q/Sj-Bq)] 

in the degree three Deligne cohomology group Hf)^i{M,'D^). The curvature of B-field is given 
by {dBa} and we note that 

dBa = dBfj, on Ua/s 
is a globally defined 3-form which represents the image of the Dixmier-Douady class in H^{M, R) 
up to a factor of — . This 3-form is the gerbe analogue of the Chern class of line bundles with 
connections. In this paper, we often suppress the normalisation factor and identify the bundle 
gerbe curvature with the differential form representing the image of the Dixmier-Douady class 
in H^{M,R). 

In fact, though we do not use it here, the S-field of a bundle gerbe Q over AI is a Hopkins- 
Singer differential cocycle as defined in |HS| whose equivalence class is the corresponding degree 
three Deligne cohomology class. One has in fact the following commutative diagram 

HI,JM,V^) ^H\M,Z) 

nl{M) ^ ij3(M,R) 

where f2|(M) is the space of closed 3- forms on M with integral periods. We also note that there 
have been other applications of bundle gerbes to various aspects string theory and quantum 
field theory: |ljoMa| PHMCT^tI |( Mu1| pmiT| |( jMMi2| |(Ml|[nMi2| [EMlinH |CTicl . 
Important remark. There is a subtlety here relating to the gauge transformations of the 
B-field. To illustrate this subtlety, given a globally defined closed 2-form co (not necessarily of 
integer periods), with respect to a cover {Ua} of M we can write ulu^ — dOa as an exact 2-form 
by the Poincarc Lemma. Then on the one hand, one can see that 

represents a trivial degree three Deligne class in H^^i{M,'D'^) if and only if the closed 2-form 
Lu has integer periods. This claim follows from the exact sequence 

In this sense, the gauge transformation of the i?-ficld is given by line bundles with connection 
on M. On the other hand, 

(l,0„-0/5,w|[/J = (l,0„-0/5,d0„) 

always represents a trivial degree three Deligne class in H'^^i{M,Z), as {I, 6a — 0p,d9a) is a 
coboundary element. In this paper, a curving on a bundle gerbe is always defined up to a 
locally defined exact 2-form in this latter sense so that the corresponding B-field is well-defined 
up to a degree three Deligne coboundary term of form (1, 9^ — dp, d0a)- Here dO^ may not be 
a globally defined exact 2-form. We hope that this remark will clarify any confusion when we 
talk about curvings on a bundle gerbe, such as the degree 2 part of the even eta-form up to an 
exact 2-form. 
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3. Review of local family index theory 

In this Section, we briefly review local index theory and eta forms and set up notation. Local 
family index theorems refine the cohomological family index theorem of Atiyah-Singer, while 
eta forms transgress the local family index theorem at the level of differential forms. The main 
reference for this section is Bismut's survey paper |.Bisl| and the references therein. 

Let TT : X ^ B he a smooth fibration over a closed smooth manifold B, whose fibers are 
diffcomorphic to a compact, oriented, spin manifold AI. Let (V, , V^) be an Hermitian vector 
bundle over X equipped with a unitary connection. 

Let g'^^^ be a metric on the relative tangent bundle T{X/B) (the vertical tangent subbundle 
of TX), which is fiberwise a product metric near the boundary if the boundary of M is non- 
empty. In the latter case, dX — > i? is also a fibration with compact fiber dM. Let Sx/b be the 
corresponding spinor bundle associated to the spin structure on {T{X/B)^g^/^). 

Let T^X be a smooth vector subbundle of TX, (a horizontal vector subbundle of TX), such 
that 

(5) TX :^T"X (BT{X/B), 

and such that if dM is non-empty, T"X\9x C T{dX). Then T"{dX) = T" X\dx is a hori- 
zontal subbundle of T{dX). 

Denote by the projection of TX onto the vertical tangent bundle under the decomposition 
(O. Theorem 1.9 of jljis2| shows that {T-^X, g^^^^ determines a canonical Euclidean connection 
V^/-^ as follows. Choose a metric g^ on TX such that T" X is orthogonal to T{X/B) and 
such that g^/^ is the restriction of g^ to T{X/B). Then 

yX/B ^ pv ^ 

where V"^ is the Levi-Civita connection on (TXjg-^). 
Write 

x/2 

"^(^) ^ ~Tr^' C!Hx) = exp{x). 
Then the characteristic classes can be represented by closed differential forms on X as 

Ch{V,V'')=Tr{ChC^^)). 

For any b <E B, let Ipi, be the Dirac operator acting on C°° {Xb, {Sx/b ^ V)\x^), where 
Xi, ~ TT^^{b) is the fiber of tt over b. Then {lpi,}beB is a family of elliptic operators on the 
fibers of tt, acting fibcrwisely on an infinite dimensional vector space iC°°{Xb, {Sx/b ® 
parametrized by 6 G -B. With respect to the inner product from the Hermitian metrics on the 
spinor bundle Sx/b ^-nd {Jpb}beB can be viewed as a family of unbounded operators 

Ipt, : L\Xb, {Sx/B ® V)\x,) LHXb, {Sx/b ® V)\x,). 

Remark 3.1. (a) If the fiber of n : X ^ B is even dimensional, then the spinor bundle 
Sx/B — ^x/B ® ^x/b '^2- graded, and 
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Then lp+^b{^ + lp\ i,lp+.b)^^ is a continuous family of Fredholm operators, which de- 
fines a K'^-element, denoted by Ind{Ip+) in K'^{B). The Atiyah-Singer index theorem 
becomes 

(6) Ch{lnd{p+)) = n4A{T{X/B),V^/^)Ch{V,y^)] e i/™™(S,R) 

where tt* is given by the integration along the fibers on the level of differential forms. 
(b) // the fiber of tt : X ^ B is odd dimensional, the family {]pb}beB defines a -element 
Ind{Ip) G K^{B). The Atiyah-Singer index theorem becomes 

(7) Ch{Ind{Ip)) = TT4A{T{X/B),V^I^)Ch{V,V'^)] e R). 

Now assume that the fibers of the fibration -k : X B are difFeomorphic to an even dimen- 
sional manifold M with non-empty boundary dM , then the family of boundary Dirac operators 
{Pb'^^}b^B for the boundary fibration dir : dX — > B defines a zero class in K^[B) by cobordism 
invariance of the Atiyah-Singer index theory. Hence, there exists an even eta-form f]f.ven on B 
satisfying the transgression formula 

dfleven = {dir) , {A{T {dX / B) ,\/^'' / ^ )C h{V, V"" )) , 

Veven IS uuiquc up to an exact odd form on B. 

Melrose-Piazza introduced the notion of a spectral section for the family of boundary Dirac 
operators {p^^^}beB in |MP1| . where a spectral section is a smooth family of self-adjoint 
pseudo-differential projections 

Pb : L^dXb, {Sgx/B ^ V)\9xJ L\dXb, {Sox/b V)\axJ, 

such that there is i? > for which Ipf^^ s = As implies that 

PbS = s X> R, 

PbS^O A < -R. 

For a fixed spectral section P, then Melrose-Piazza constructed an even eta form fj^yg^n depend- 
ing only on {p^^^}beB and the spectral section P. With the boundary condition given by a 
spectral section P, they also established the local family index theorem for the family of Dirac 
operators {^^^p.JbeB in (|MEI])- 

Theorem 3.2. Let n : X ^ B be a smooth fibration with fiber diffeomorphic to an even 
dimensional spin manifold M with boundary. The family of Dirac operators {Ip'^ p.b}beB has 
a well-defined index Ind{lp^ p) G K^{B), with the Chern character given by 

Ch{lndir+{p)) = I i(T(X/i3),V^VB)^;,(^^v^) -Ce„ e i?^'^™(S,M). 

J M 

When the fibers of the fibration tt : X ^ B are diffeomorphic to an odd dimensional manifold 
M with non-empty boundary, the family of boundary Dirac operator {]p^^^}beB consists of self- 
adjoint, elliptic, odd differential operators acting on 

(8) L'{Xb, {S+^^p V)\ax„) © L'{Xb, {3'^/^ ® ^)UJ. 

In order to get a continuous family of self-adjoint Fredholm operators, Melrose and Piazza 
introduced a CZ(l)-spectral section P and constructed an odd eta form ry^^ which, modulo 
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exact forms, depends only on {p^^^}b£B and the C/(l)-spectral section QMP2p . The CI{1)- 
condition (where CI{1) denotes the ChfFord algebra Cl{M.)) is given by 

c{du) o P + P o c{du) = c{du), 

with u being the inward normal coordinate near the boundary dM . 

Theorem 3.3. / |MP2) ) Let tt : X ^ B be a smooth fibration with fiber diffeomorphic to 
an odd dimensional spin manifold M with boundary. With the boundary condition given by a 
C I {!)- spectral section P, the family of Dirac operators {lpp.i^}i,eB ho.s a well-defined index 

with the Chern character form given by 

(9) Ch{lnd{p^')) = f A(T{X/B), V'"^)Ch{V, V^) - ryf,, £ H°''\B,R). 

J M 

4. Determinant bundle gerbe 

In |CMMil) , Carey-Mickelson-Murray used the determinant bundle gerbe to study the bundle 
of fermionic Fock spaces parametrized by connections on principal G-bundles on odd dimen- 
sional manifolds (for G a compact Lie group). We briefly review this construction here using 
the local family index theorem. 

Let M be a closed, oriented, spin manifold with a Riemannian metric g*^. Let S be the 
spinor bundle over M and let (V, h^) be a Hermitian vector bundle. Denote by A the space 
of unitary connections on V and by Q the based gauge transformation group, that is, those 
gauge transformations fixing the fiber over some fixed point in M. With proper regularity on 
connections, the quotient space A/Q is a smooth Frechet manifold. 

Let A G M, and let 

C/a = {A e A\\ i spec{IpA)}, 
where the Dirac operator IpA acts on C°°(M, S ®V). Let H be the space of square integrable 
sections oi S ®V . For any A ^ U\, there is a uniform polarization: 

H = H+{A, A)®i7_(A,A) 

given by the spectral decomposition of H with respect to ]pA — A into the eigenspaces corre- 
sponding to positive and negative spectrum. Denote by Ph±{a,x) the orthogonal projection 
onto H±{A, A). 

Fix Ao e K. and a reference connection Aq G A such that the Dirac operator IpAa ~ Aq is 
invertible and denote by Ph±{Ao,\o) the orthogonal projection onto H±{Aq, Aq). Over Ux, there 
exists a complex line bundle Det\, which is essentially the determinant line bundle for the even 
dimensional Dirac operators on [0, 1] x M coupled to some path of connections in A with respect 
to the generalized Atiyah-Singer-Patodi boundary condition f lAPSp . The path of connections 
A{t) can chosen to be any smooth path connecting Aq and A ^U\, for simplicity, we take 

(10) K^A{t) = f{t)A + {l-f{t))AQ 

for t G [0,1] where / is zero on [0,1/4], equal to one on [3/4,1] and interpolates smoothly 
between these values on [1/4,3/4]. The generalized Atiyah-Singer-Patodi boundary condition 
is determined by the orthogonal spectrum projection 

-Pa = Ph+{Ao,\o) ® Ph-{a,\), 
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that is, the even dimensional Dirac operator on [0, 1] x M acts on the spinor fields whose 
boundary components belong to H_{Aq, Xq) at {0} x M and H+{A, A) at {1} x M. 

Note that P\ can be thought as a spectral section in the sense of Melrose-Piazza |MP1| for 
the family of Dirac operators 

on {0} X M U {1} X M. Then the eta form ?7^^e„ associated with {I^Ao © Pa}ai£Ux and the 
spectral section Px is an even differential form on U\, which is unique up to an exact form. 

Denote by the even dimensional Dirac operator with respect to the APS-type 

boundary condition P\. Then the even dimensional Dirac operator 

j.Px_( \ 

is a Fredholm operator, whose determinant line is given by 

Detx{A) = A*°P{Kerlp^^^y ® A*°f (Cofcer^r'+)- 

The family of Fredholm operators {1/)^''}, parametrized hy A G Ux defines a determinant 
line bundle over Ux, which is given by 

Detx= \J Detx{A). 

A£Ux 

The determinant line bundle Detx can be equipped with a Quillen metric and a Bismut-Freed 
unitary connection whose curvature can be calculated by the local family index theorem. 
Over Ux\' = ?7a H Ux' , there exists a complex line bundle Detxx' such that 

Detxx' = Det*x "X) Dety. 

These local line bundles {Detxx'} over A, form a bundle gerbe as established in [CMMilj . As 
A is contractible this bundle gerbe is trivial so the interest in |UMMil| is lies in what happens 
when one takes the induced bundle gerbe on A/Q. 

In the following, we will apply the local family index theorem to study the geometry of this 
determinant bundle gerbe. To apply the local family index theorem, we should restrict ourselves 
to a smooth finite dimensional submanifold of A. For convenience however, we will formally 
work on the infinite dimensional manifold A directly. 

Consider the trivial fibration [0, 1] x Af x ^ over A with fiber [0, 1] x M an even dimensional 
manifold with boundary. Over [0,1] x M x A, there is a Hermitian vector bundle V which is 
the pull-back bundle of V. 

There is a universal unitary connection on V, also denoted by A, whose vector potential at 
(t, x,A) is given by 

A{t,x) ^ A{t){x), 

where A{t) is given by H1U|) . Denote by Ch{Y,A) the Chern character of (V, A). 

Now we can state the following theorem regarding the geometry of the bundle gerbe over 
A/g constructed in |CMMilj . 

Theorem 4.1. The local line bundles {Detxx'} descend to local line bundles over AjQ, which 
in turn define a local bundle gerbe over AjQ . Moreover, the induced unitary connection and the 
even eta form fj^yg^^ ( '^^ exact 2-form ) descend to a bundle gerbe connection and curving 
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on the local bundle gerbe over A/Q, whose bundle gerbe curvature is given by the differential 
form 

{[ A{TM,V™)Ch{V,A)) 

Proof. Equip Det\ with the Quillen metric and its unitary connection, then its first Chern 
class is represented by the degree 2 part of the following differential form: 

i(TAf,V™)C/i(V,A)-ryi;^,„. 

[0,1] X A/ 

In this formula V^*^ is the Levi-Civita connection on {TAfg^'), A{TM, V^*^) represents the 
A-genus of M, and 77^\„ is the even eta form on U\ associated to the family of boundary 
Dirac operators and the spectral section P\. Note that 77^\„ (modulo exact forms) is uniquely 
determined, see Theorem 13.21 

The induced connection on Detxy implies that its first Chern class is given by 



\leven I even J (^2)' 

Note that the eta form 77^\„ is unique up to an exact form (in a way analogous to the i?-field) , 
hence, {Veven ~ Veven) IS a well-dcfined element in ^ (M, R) . From the transgression formula 
for the eta forms and Stokes formula, we know that over Uw , 

rf(C\„)(2) - rf(C^e'„)(2) = ( / AiTM,\7™)Ch{Y,A))^,y 

Here use the fact that the contribution from {0} x M vanishes as a differential form on A, as 
we fixed a connection Ag over {0} x M. We also use the same notation (V, A) to denote the 
Hermitian vector bundle over Al x A and the universal unitary connection A. 

As the gauge group acts on A and Det\ covariantly, by quotienting out G, we obtain the 
bundle gerbe over A/G described in the theorem. □ 



Remark 4.2. The Dixmier-Douady class in Theorem \4-l\ is often non-trivial. For example 
note that when dimM < 4, there is no contribution from the A-genus and in particular, for 
dimM = 1 or 3, using the Chern-Simons forms, non-triviality was proved by explicit calculation 

The above construction can be generalized to the fibration case as in the local family index 
theorem for odd dimensional manifolds with boundary of Section 3. When the fibers are closed 
odd dimensional spin manifolds, this leads to the index gerbe as discussed by Lott ( L ). In 
the next section, we discuss the universal bundle gerbe as in jCMil| [r!Mi2| . which provides a 
unifying viewpoint for those bundle gerbes constructed from various determinant line bundles. 

5. The universal bundle gerbe 

Let H be an infinite dimensional separable complex Hilbert space. Let T^ '^ be the space of 
all self-adjoint Fredholm operators on H with positive and negative essential spectrum. With 
the norm topology on J-^'^, Atiyah-Singer |AS1| showed that J^^ '^ is a representing space for 
the X^-group, that is, for any closed manifold B, 

K\B)^[B,Tr] 



10 



A.L. CAREY AND BAI-LING WANG 



the homotopy classes of continuous maps from B to T^ '^. As J^"" is homotopy equivalent to 
IA'^^\ the group of unitary automorphisms g : H ^ H such that g — 1 is trace class, we obtain 

K\B) ^ [BM''% 

In EMm, a universal bundle gerbe was constructed on ht^^^ with the Dixmier-Douady class 
given by the basic 3-form 

(11) ^TKff-^d<?)^ 

the generator of H^{U^^\'Z). 

For any compact Lie group, this basic 3-form gives the so-called basic gerbe. We prefer 
however to call it the universal bundle gerbe in the sense that many examples of bundle gerbes 
on smooth manifolds arc obtained by pulling back this universal bundle gerbe via certain smooth 
maps from B to U'^^K 

Note that the odd Chern character of K^{B) = [B,U^^''] is given by 



'-"" (2,».4^+l)! ^-''''"'"""'"' 



(12) ChiM) = ■£ 

n>0 

for a smooth map g : B ^ U^^^ representing a if ^-element [g] in if^(_B). This odd Chern 
character formula was proved in |Getz| . 

The following theorem was established in jCMil| as the first obstruction to obtaining a second 
quantization for a smooth family of Dirac operators (parametrized by B) on an odd dimensional 
spin manifold. By a second quantization, we mean an irreducible representation of the canonical 
anticommutative relations (CAR) algebra, the complex Clifford algebra Cl{H (B H), which is 
compatible with the action of the quantized Dirac operator. Such a representation is given 
by the Fock space associated to a polarization on H. For a bundle of Hilbert spaces over B, 
a continuous polarization always exists locally, but not necessarily globally. This leads to a 
bundle gerbe over B. 

Theorem 5.1. For any K^-element [g] G K^{B) represented by a smooth map g 
There exists a canonical construction of a bundle gerbe over B with connection and curving 
whose bundle gerbe curvature is given by the degree 3 part of 

1 
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Tr{g-^dgf 



Proof. The bundle gerbe we are after is essentially the pull-back bundle gerbe from the 
universal bundle gerbe over U'^^^ under the smooth map g : B ^ U^^\ 

Consider the polarized Hilbert space H = L^{S^,H) with the polarization e given by the 
Hardy decomposition. 

H = L^{S\H) = H+®H-. 
That is we take the polarisation given by splitting into positive and negative Fourier modes. 
Then the smooth based loop group flU'^^^ acts naturally on H. From jPS| . we see that 

(13) nu'^^^ CUresi'H,e). 

Here Wres(H, e) is the restricted unitary group of H with respect to the polarization e, those 
g e U{H) such that the off-diagonal block of g is Hilbert-Schmidt. It was shown in |CMil| that 
the inclusion flU^^^ C UresiH, e) is a homotopy equivalence. 
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We know that the holonomy map from the space of connections on a trivial W'"'^' -bundle over 
S provides a model for the univer sal fiU'-^^ -bundle. Hence, U'-^^ is a classifying space for Ql/I^^\ 
From K\B) = [B^^^], 

we conclude that elements in K^(B) are in one-to-one correspon- 
dence with isomorphism classes of principal UresiTi-, e)-bundles over B. 

Associated to the basic three form on is the universal gerbe realized as the lifting 
bundle gerbe |Murj associated to the central extension 

(14) l^U{l)^Ures^Kres{n,e)^l. 

We recall some of the theory behind this fact. First note that the fundamental representation 
of Ures acts On the Fock space (see \PS\ ) 

associated to the polarized Hilbert space Ti = Ti^TL-. This gives rise to a homomorphism 
UresiTi-je) PU{J-'n) which induces a PU{J-t-i) principal bundle from the l{res{'H,e) principal 
bundle associated to the iiT^-element [g]. Denote by Vg the resulting FU{J-n) principal bundle 
corresponding to a smooth map g : B t/^^-* representing [g]. The corresponding lifting bundle 
gerbe (as defined in [Murp is the canonical bundle gerbe over B for which we are looking. 

Recall that the lifting bundle gerbe associated to Vg can be described locally as follows |Mur| . 
Take a local trivialization of Vg with respect to a good cover of i? = IJ^ Assume over Ua, 
the trivialization is given by a local section 

such that the transition function over Uaf} — Ua riUp is given by a smooth function 

Jaf3 : Uaf3 UresCH, c) C PU{Th). 

We can define a local Hermitian line bundle Cap over Ua/s as follows. First pull back the 
principal U{1) bundle H14|) using 70,^3. Then construct the associated line bundles {Cap} over 
the double intersections Ua[3- This family of local Hermitian line bundles {Cap} defines a bundle 
gerbe over B with multiplication obtained from the multiplication in Ures ■ 

In |CMil| an Hermitian connection on {Cap} is given which defines a bundle gerbe con- 
nection, together with a choice of a curving such that the bundle gerbe curvature is given 
by 

^ jTr{g-'dg)\ 



247r^ 

□ 

For an Hermitian vector bundle {V,h^) over an oriented, closed, spin manifold M with a 
Riemannian metric denote by A the space of unitary connections on V and by Q the based 
gauge transformation group as in section 4. 

In |CMi2| . an explicit smooth map g : A/G U'^'^'^ was constructed: firstly assign to any 
A a unitary operator in W^^^ by 

A — > qiA) — —exp(in--— — — tt)^ 

where x is any positive smooth exponentially decay function on [0, 00) with x(0) = 1. As g{A) 
is not gauge invariant, 

g{A^) = u-^g{A)u, 
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for any u e 5, it doesn't define a smooth map from AjQ to U'^^^ . In order to get a gauge invariant 
map, a global section for the associated C/(i7)-bundle Ay^g U{H) is needed. This exists due to 
the contractibility of U{H). This section is given by a smooth map r : A ^ U{H) such that 
r(A") = u^^r{A). Then the required map g : AjQ -> U''^^ is given by g{A) = r{A)~''-g{A)r{A). 

Let i? be a smooth submanifold of A/G- The restriction of 5 to i? defines an element 
in K^{B), which is exactly the family of Dirac operators over B associated to the universal 
connection A on V (see section 3 for the definition). 

From the local family index theorem, we know that the curvatures satisfy 

(15) ( |^i(rM, V^Af)C/i(V,A))(3^ = ^Tri~g-'dgf. 

Note that the left hand side was established in [CMMilj and the right hand side in |CMi2| . This 
relation fixes the image of the Dixmier-Douady class in H'^{B,M.)). It follows that the bundle 
gerbe over B C A/G in Theorem 15.11 is stably isomorphic to the determinant bundle gerbe 
constructed in Theorem l4.1l up to taking a product with a bundle gerbe with torsion Dixmier- 
Douady class. (The notion of products for bundle gerbes is covered in the original paper of 
|Mur| ) . This is because the Dixmier-Douady class of a product is the sum of the Dixmier- 
Douady classes and a bundle gerbe with torsion Dixmier-Douady class can be equipped with a 
connection and curving whose bundle gerbe curvature is trivial. Such a bundle gerbe is often 
called flat. 

Remark 5.2. There is in fact an equivalent but different picture for the universal bundle gerbe. 
If a -element in K^{B) is represented by a smooth family of self-adjoint Fredholm operators 
{TbjbgB G JF^-" on a Hilbert space H, there is a canonical principal VU {J- h) -bundle over B 
constructed as follows. First we work over by covering it with open sets of form 

Ux = {T e T^"\X e spec{T)}, 

where A G M. Over U\, there is a polarization 

H — Hj,^ © ^T,A' 

varying continuously in T given by the spectral decomposition of H into eigenspaces of T ^ U\ 
corresponding to eigenvalues greater or less than X. Denote by Pt.x the orthogonal projection 
onto ^. For X ^ X' , Pt.x and Pt,X' oltc related by conjugation by an element gx\'{T) oflAres 
from the lifting of a well-defined element 

9\\'{T) G Ures, 

where the copy oflAres we are using is specified by a reference spectral projection ofT. Now there 
is a Fock representation corresponding to this reference spectral projection and hence, using the 
inclusion Ures C Pt/(J-/f) a well-defined element 

~9xx'{T)eFUiTH)- 

The family of functions {gxx'} defined on overlaps Uxx' can be used as transition functions to 
construct a principal ¥U{!Fh) -bundle over _F!f ". We get a corresponding bundle over B using 
the pullback construction. 

The above argument also gives a universal determinant bundle gerbe T> over F^'^ by using the 
construction in Section 4 via determinant line bundles Detxx' over intersections Uxx' ■ Recall 
from | CMMil| that for X < X' , the line over T is Detxx' (T) : the highest exterior power of 
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the vector space spanned by eigenvectors of T corresponding to eigenvalues between A and A'. 
The Dixmier-Douady class of this determinant bundle gerbe can be determined exactly. To see 
this we observe that the Dixmier-Douady class of the pull back of T> to Ui using an explicit 
homotopy equivalence from |ASlj must be a multiple, sayn, of the fundamental class onUi. To 
determine which multiple just take B to be and choose a family {T{,}{,g53 G ^ to represent 
the generator of H^{J^^''' ,Z) = Z (an explicit example is given in the last section of jCMMilj ) 
Under the explicit homotopy equivalence from jASl| , we know that the resulting continuous map 
—> Ui also defines the generator of H^{V(i,'Z) = Z. The fact that n~l follows from as 
in the case of the curvature suffices to determine the Dixmier-Douady class. 

6. Index gerbe as induced from the universal bundle gerbe 

In this Section, we will construct the index gerbe associated to a family of Dirac operators 
on an odd dimensional manifold with or without boundary. To do this we need to recall some 
additional standard material using the notation of Section 3. 

Let n : X ^ B he a, smooth fibration with even dimensional fibres. With a choice of spectral 
section P for the family of boundary Dirac operators {Ipf'^'}beBi we have a family of Fredholm 
operators {Ip^ p.^}beB over B. There is a determinant line bundle, denoted by Det{Ip^ p), 
over B given by 

Det{Ip'f^p)b = A'^PiKerpX^P^b)* <^ ^'""{Cokerpl^p.,,). 

Using zeta determinant regularization, as in |Qu| |BF| | Woj| [5W| . a Hermitian metric and a 
unitary connection S/^+.p can be constructed on Det{]p^ p) such that 

(16) ci(Z?e<(^t^p), V^+-) = [7r,(i(r(X/i?), V^/^)CMV^, V^)) -f7f_](^^. 

Note that the eta form 77^e„ is defined modulo exact forms, the above equality holds 
modulo exact 2-forms. 

Now we let TT : X ^ _B have closed even-dimensional fibers partitioned into two codimension 
zero submanifolds, M — Mq U Mi, joined along a codimension 1 submanifold OMq = —dMi. 
Assume that the metric g^^^ is of product type near the collar neighborhood of the separating 
submanifold. Let P be a spectral section for {l/)^^'"}i,eB, then / — P is a spectral section for 
Scott showed ( Sco ) that the determinant line bundles for these three families of 
{P+ b}beB, {P^"p.b}beB and {]p^^j_p.i,}beB satisfy the following gluing formulae as Hermitian 
line bundles: 

(17) Det{]pX') = DeMpf^p) ® Det{]pl'^j_p), 
moreover the splitting formulae for the curvature of implies that 

(18) ciDetilpX'), ) = ci(i?et(^*%), V<-) + ci (i?ei(^^^V_p), V<--). 
With these facts in hand we move on to the main results of this paper. 

6.1. Index gerbe from a family of Dirac operators on a closed manifold. Let 

IT : X ~> B he a smooth fibration over a closed smooth manifold B, whose fibers are dif- 
feomorphic to a compact, oriented, odd dimensional spin manifold M . 

Let g^^^ he a metric on the relative tangent bundle T{X/B) and let Sx/b be the spinor 
bundle associated to {T{X/B), g^/^). Let T" X he a horizontal vector subbundle of TX. Then 
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{T"X,g^/^) determines a connection V-^/^ on T{X/B) as in section 3. Let (V", /i^, V^) be a 
Hermitian vector bundle over X equipped with a unitary connection. 
The family of Dirac operators {Ipb}b£B defines a i^T^-element 

Ind(Ip) e K\B), 

with Ch{Ind{Ip)) = ■K^{A{T{X/B),V^I^)Ch{V,V'^)) e H°'^'^{B,R) as given by the Atiyah- 
Singer index theorem (Theorem Q)- 

Then Theorem 15.11 provides a canonical bundle gerbe over B with bundle gerbe connec- 
tion and curving whose curvature is given by 

TT, {A{T{X/B), V''/^)Ch{V, V^)) . 

Now we can prove the following theorem, which was obtained in ^ by Lott using a different 
method. 

Theorem 6.1. Let n : X ^ B be a smooth fihration with fibers diffeomorphic to closed odd 
dimensional spin manifolds Aland V be a Hermitian vector bundle over X equipped with a 
unitary connection V^. Then the associated family of Dirac operators defines a canonical 
bundle gerbe Q^^ over B equipped with a Hermitian metric and a unitary gerbe connection 
whose curving ( up to an exact form ) is given by the locally defined eta form such that its bundle 
gerbe curvature is given by 

(^^ A{T{X/B), V^/^)C/i(V^, V^))(3^. 

Proof. Cover B by U\ (for A £ R) such that 

C/a = {fo e Sl^b - A is invertible}. 

Over U\, the bundle of Hilbert spaces of square integrable sections along the fibers has a 
continuous polarization: 

H, = H+{\)®H-(\), 

the spectral decomposition with respect to ^p^t, — A into the positive and negative eigenspaces. 
Denote by P\ the continuous family of orthogonal projections {P\.b}beUx onto H^{\) along 
the above continuous polarization over U\. 

Note that the restriction of Ind{Ip) on Ux is trivial by the result of Melrose-Piazza in |MP1| . 
as Ip over Ux admits a spectral section. So over Ux, its Chern character form is exact: 

(19) TT, (i(T(X/i?), V^/^)C/j(F, V^)) = dC\„ 

where fl^yeni unique up to an exact form, is the even eta form on U\, associated to {Ph^}beUx 
and the spectral section Px. 

For A > A', over Uxx' = Uxr\Ux', consider the fibration [0,l]x X B with even dimensional 
fibers, the boundary fibration has two components {0} x X and {1} x X. The spectral section 
can be chosen to be 

(20) Pxy=Px(SiI-Px'). 

Associated with this spectral section Pxx', there exists an even eta form fjeven on Uxx', 
modulo exact forms, depending only on Pxx' and the family of boundary Dirac operators. 
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From the definition of the eta form, we have 

Veven Veven Veven^ 

which should be understood modulo exact even forms on Uaf}. Then the family of Dirac 
operators (with boundary condition given by the spectral section P\\> ) denoted by 

is a smooth family of Fredholm operators, which has a well-defined index Ind{l/)^p^^l^^^) in 

The corresponding determinant line bundle over Uw , denoted by Detw , is a Hermitian 
line bundle equipped with the Quillen metric and the Bismut-Freed unitary connection. Its 
first Chcrn class is given by the local family index formula 

(21) [^,(i(T([0,l] X X/C/;,v), V^/^)CMV^,V^)) 

Note that in this situation, the contribution from the characteristic class 

7r,(i(r([o,i] X x/[/AA'),v^/^)c/i(y, v^)) 

vanishes, as it has no component in the [0, l]-direction. Hence, the first Chern class of Det\\i 
is represented by the form 

{jleven^ 1^2) iVeven Veven^ ^2)' 

Again these eta forms are well-defined only modulo locally defined exact 2- forms. This then 
implies that the even eta form 

{Veven))i2)i 

which is only defined over U\, is the curving (up to an exact 2-form) for the Bismut-Freed 
connection on Det\\i . Hence, the gerbe curvature is uniquely determined and given by 

C«(C^en)(2) -d(C\'J(2) = (^^ i(T(X/B), V^/^)C/i(l/, V^)) . 

□ 



6.2. Index gerbe from a family of Dirac operators on a manifold with boundary. 

Now we assume that the fibration t: : X ^ B has fiber diffeomorphic to an odd dimensional 
Spin manifold M with non-empty boundary. 

A CZ(l)-spectral section P for the family of boundary Dirac operators {^f^^jfegs provides 
a well-defined index for the family of self-adjoint Fredholm operators {Ipp}: 

with Ch{Ind{Ip)) = n^{A{T{X/B),V^/^)Ch{V,V^) - fj^^^) G H°'^'^{B,R) as given by the 
local family index theorem in Theorem 13.31 

Then Theorem 15.11 provides a canonical bundle gerbe Qp over B with a bundle gerbe con- 
nection and curving whose curvature is given by: 

(22) (7r4i(r(X/i?), V^/^)CMV^, V^)) -77f,,)(3^. 

Here we should emphasize that 77^^ is an odd eta form associated to a perturbation of 
{Pb^^}beB by a family of self-adjoint smoothing operators {Ap^i,}beB such that pf^^ + Ap^i, is 
invertible as in | MP2| . Note that, as previously, we always define 77^^^ up to an exact form. 
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We aim to understand the bundle gerbe connection and its curving such that the bundle gerbe 
curvature is given by 1221) . Note that the argument for the previous case can't be applied here, 
as now [0, 1] x AI is a manifold with corners near 9M, and to our knowledge the even eta form 
for a family of Dirac operators on odd dimensional manifolds with boundary which transgresses 
the odd local index form (|22|l has not been found. For a manifold with corners, Fredholm 
perturbations of Dirac operators and their index formulae have been developed by Loya-Melrose 
|LM| but for a family of Dirac operators on a manifold with corners up to codimension two 
their theory does not apply. 

Instead, we will apply the theory of bundle gerbes to find this even eta form which trans- 
gresses the odd local index form (|22l) and discuss its implications for local family index theory 
for a family of Fredholm operators on a manifold with corners of a particular type, [0, 1] x M . 

For the fibration n : X ^ whose fibers are odd dimensional manifolds with non-empty 
boundary, the Melrose-Piazza C^(l)-spectral section P for the family of boundary Dirac op- 
erators {-^f^jbgs gives rise to a family of self-adjoint Fredholm operators {ppi^}b^B with 
discrete spectrum. 

Cover B by U\ with A G M such that 

[/a = {6 e B\lp^[f, - A is invertible}. 

Lemma 6.2. Over U\, the family of self-adjoint Fredholm operators {pp^} has trivial index 
m K\Ux). 

Proof. This follows from the fact that, over we have a uniform polarization of the 
Hilbert space of square integrable sections along the fibers with boundary condition given by 
the CZ(l)-spectral section P, 

Hp., = H+,{\)®H-p,{\), 

the spectral decomposition with respect to -^p^j — A into the positive and negative spec- 
tral subspaces. Denote by Pa the smooth family of orthogonal projections {P\^b}b£Ux o^ito 
Hp^{X) along the above uniform polarization over U\. Over Ip'^ admits a spectral section 
{Px,b}b£Ux^ by the result of Melrose-Piazza in |MP1| . {Ipp] has trivial index in K^{Ux)- □ 

Hence, there exists an even form 77^^^ on Ux, unique up to an exact form, satisfying the 
following transgression formula over Uy. 

(23) = MA{T{X/B),V^'^)Ch{V, V^)) - C,,. 

We remark that these forms {^y^en} should in fact be even eta forms a la Melrose- 
Piazza's construction in f |MP2p associated with the family of self-adjoint Fredholm operators 
{Pp,b}b£Ux ^i^d the spectral section P\ over U\. We do not have a proof however. 

From the abstract bundle gerbe theory in |Miirj , we know that this locally defined even form 
ijleven) (2) curving, up to an exact form on U\, for the bundle gerbe induced from 

the universal gerbe as in Theorem 15. II Hence, we have established the following Theorem. 

Theorem 6.3. let tt : X ^ B he a fibration with fiber diffeomorphic to an odd dimensional 
Spin manifold M with non-empty boundary. Let P be a C I {!)- spectral section such that {Ipp} 
is a continuous family of self-adjoint Fredholm operators parametrized by B, then the associated 
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bundle gerbe Qp over B can he equipped with a bundle gerbe connection and curving {{Veven) {2)} 
with the curvature given by 

d{€iL)(2) = (^^i(r(x/i3),v^/^)CMi^,v^)-C..)(3)- 

6.3. Index gerbe from a pair of C^(l)-spectral sections. From Proposition 4 in 'MP2j, we 

know that if Pi and P2 are two CZ(l)-spectral sections for {pf'^}}j^B, then the Atiyah-Singer 
suspension operation jASlj defines a difference element 

[P2-Pi]^K\B), 

such that 

/nd(^*^) - /nd(^*^) = [F2 - Pi] e K\B), 

whose Chern character is given by 77^^ — VoM- ^^^^ shown in Proposition f 2 in |MP2 | 

that for a fixed Pi, as P2 ranges over aU C^(f )-spectral sections, [P2 — Pi] exhausts K^{B). 

Apply Theorem 15 . f I again to [Pj — Pi], we obtain a canonical bundle gerbe GP2P1 associated 
to [P2 — Pi] G K^{B), with a bundle gerbe connection and curving whose curvature is given by 

{^lodd ~ Vodd) (3) ■ 

Moreover, we have the following stable isomorphism relating the bundle gerbes associated to 
families of Dirac operators on odd-dimensional manifolds with boundary equipped with two 
different CZ(l)-spectral sections for the family of boundary Dirac operators 

Gp[ = Gpi ® Gp2Pi- 

Take a smooth fibration X over B, with closed odd-dimensional fibers partitioned into two 
codimensional submanifolds M = MqUMi along a codimension 1 submanifold OMq = —dMi. 
Assume that the metric g^^^ is of product type near the collar neighborhood of the separating 
submanifold. Let P be a CZ(l)-spectral section for then / — P is a CZ(l)-spectral 

section for Then we have the following splitting formula for the canonical bundle 

gerbe G^ obtained in Theorem 16. II 

G''' = G^'° ®G^%. 
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